The Regge trajectory parameter «(t) has a simple physical interpretation in classical relativistic scattering phenomena. The "Lorentz pole parameter" c* of Toller has the same interpretation and is equal to a(0), Regge pole exchange has a precise analogue in non-relativistic potential scattering. The relativistic Regge-Joos representation is a decomposition of the amplitude according to the nature of the exchanged object, each term transforming irreducibly under the Poincare group; in potential scattering this group is replaced by the Galilei group.
INTRODUCTION
Although Regge poles were first invented in a study of potential scattering theory, nearly all modern applications have been to the analysis of relativistic-two-particle scattering processes. Potential scattering has served as a model and a guide, but not a Very useful one, because potential scattering has only one channel; up to now there has been no discussion of Regge pole exchange in potential scattering. One purpose of this paper is to draw attention to the fact that the Regge pole exchange has a perfectly well-defined meaning in potential scattering; we hope that this may serve as a new source of inspiration for high-energy phenomenology. The Lorentz group analysis introduced by TOLLER likewise has a close analogy in potential scattering, although the term Galilei analysis is more appropriate.
2) It was shown by JOOS that the Regge representation has a simple and natural group-theoretical meaning, in terms of "unphysical" representations of the Poincare* group. The Regge representation can be interpreted as a decomposition of the scattering amplitude into "partial amplitudes", each of which corresponds to the exchange of a set of pseudo-states that transforms irreducibly under the Poincare group, in complete analogy with the ordinary partial wave expansion.
The role of angular momentum is here played by the Casimir operator of the little group G, which is the stability group of the momentum transfer k . If k is space-like, then G, 1 is isomorphic to 0(2,1).
Since the exchanged objects are not quantum mechanical state vectors, it is not clear what class of irreducible representations of the Poincare' group can occur in the expansion; in particular, it is not obvious that they must be unitary. Indeed, the most prominent features of present high-energy phenomenology are the Pomeranchuk and p trajectories which for t m 0 correspond to non-unitary representations.
The main purpose of this paper is to explore the physical meaning of the cross-channel expansion parameter a in order to understand better the nature of the physical restrictions that must be imposed on it.
Any partial wave analysis is a diagonalization of the scattering matrix. The "matrix elements" S(p P^Pi Pk) depend on four "indices"
-the four momenta. In order to define a matrix it is necessary to group the momenta into pairs so that one pair labels the "rows" and the other labels the "columns". The incoming momenta are p. and p'
and the conventional partial wave analysis is obtained by pairing p and p' to form a row label and p and p' to form a column label;
The crossed-partial-wave expansion corresponds to the labelling
Thus,in the first ca.se.~the S-matrix maps in-states onto out-states., while in the second case it maps "left pseudo-states" onto "right pseudo-states".
Invariance of the scattering matrix under Poincare* transformations makes it possible to diagonalize both matrices (1.1) and (I. 2).
Consider first the diagonalization of (I. 1). We show below that a does admit of a direct physical interpretation. It is demonstated -first classically, then in non-relativistic quantum mechanics -that a is restricted to the range of unitary representations a(a + 1)^0.
Our investigation is mainly concerned with the case of nonrelativistic potential scattering, for which a complete dynamical picture exists and for which specific examples can be worked out in complete detail. Everything that has been done on relativistic phase-shift analysis can be repeated in the non-relativistic case, the only difference being that the Galilei group E(3) replaces the Lorentz group. The little groups are O(3) in the case of time-like momentum (which explains why ordinary phase shift analysis is identical in the relativistic and nonrelativistic frameworks ) 4 E(2) in the case of space-like momentum and E(3) in the case of vanishing momentum.
II. THE CLASSICAL LIMIT
In this section we shall show that Regge and Lorentz pole exchange have a meaning in classical mechanics and that the trajectory parameters a(t) and C are directly measurable quantities.
Consider the scattering of a point particle by a potential of finite range. Fig. 1 shows the orbit, the direction of momentum transfer and the plane that is perpendicular to this direction.The generators of the Poincare transformations that leave invariant the momentum transfer
Projection of asymptotic "in" orbit "la" orbit at t = t.
Projection of asymptotic "out" orbit "Out" orbit at I = t n Pis. 1
These quantities are constants of the motion for a free-particle orbit and the value of each one is the classical limit of a quantum mechanical eigenvalue. For sufficiently large T t L. Q (+T) and L _(+T) are independent of T and we may define
These are the changes suffered, because of the influence of the potential, by the classical observables {II. 1); they are the classical limits of the quantum numbers, related to the generators of the little group, of the object that is exchanged in the scattering process. In particular, the Regge trajectory of the exchange is defined by the Casimir operator
To evaluate a let us introduce the asymptotic in and out orbits. These are free-particle orbits *out (t) "
We shall consider the projections of these orbits into the x x o -plane and reserve the vector notation for 2-vectors in this plane. Then v. = v , = v , say, and in out
The velocity is measured in units of c , so v j< 1 , and a(a + 1) < 0, That is, only unitary representations of O(2, 1) can contribute in the classical limit. The choice of the time t is of course arbitrary, since the generators are constants of the motion for the asymptotic freeparticle orbits. One may arrange for the points 5?! (t ) and x (t ) to lie outside the range of the potential. Then 5?! (t ) is the point at which the particle would have been found at t = t if it had not interacted with the potential, 5? (t-) is the point at which it is actually found at t -t n , and Z\ is the projection of the difference into the plane perpendicular to the momentum transfer.
It is clear that a depends on both energy and momentum transfer. A case of pure Regge pole exchange obtains if the potential is such that a depends on the momentum transfer only. Perhaps it would be of some interest to determine the explicit form of a spherically symmetric potential with this property.
In the case of vanishing momentum transfer the interpretation of a remains the same. Therefore, in the classical limit of TOLLER, 1 s analysis , only unitary representations of 0(3,1) can appear.
III. E(2) AND CROSS-CHANNEL REGGE EXPANSION
This section contains a derivation of the several transformation and expansion formulae that express the decomposition of the nonrelativistic scattering amplitude with respect to the quantum numbers that are exchanged.
The matrix elements of the T-matrix are defined We shall decompose the operator T(k) for fixed momentum transfer -Jk . To simplify the notation we shall choose the third co-ordinate axis -> parallel to k .
The Galilei group,which replaces the Lorentz group in the nonrelativistic limit,is isomorphic to E(3). The little group G^ is isomorphic to E(2). The generators of E(2) are
where m is the reduced mass. In general, the only invariant operator From the group-theoretical point of view one might expect that the contour of the background integral has to include the real axis from --to 0 in order to cover all unitary representations of 0(2,1). In the non-2 3) relativistic domain, where u and t and s-4m are small. Notice that the non-relativistic limit is defined by c -> ^o , so that, by virtue of the relation v -A/mc , the near part of the /-plane is mapped on the origin of the v-plane and contributes only to the energyindependent part of the amplitude. In particular, a Regge pole in the near part of the /-plane corresponds to the last term in (III.14). A Regge pole with a(t) of the order of irnc will give rise to a genuine "E(2)~pole" as represented by the second term in (V. 3). To illustrate,
we shall now study two simple examples.
Yukawa potentials
If the potential is a superposition of Yukawa potentials one may write the following double dispersion relation for the scattering amplitude:
where T-*-* -> 0 as q -> co . By means of the inverse formula (111.12) k, q we obtain
where K_ is MacDonald's cylindrical function of zero order. We see that the "subtraction term" in (III. 14) is just the Born term in (V. 5).
Of course it is possible to write (III. 
THE RANGE OF a(t) . CONCLUSIONS AND SPECULATIONS.
We have seen in Sec. II that the Regge trajectory parameter a(t) has a direct physical meaning in the classical limit. In classical relativistic mechanics it is measurable and satisfies the inequality a(a> + h.) < 0 . It is currently believed that a is bounded only by the Proissart bound, a(a + n) < "h , and it is tempting to conclude that the extra allowable range, between 0 and -ft , represents a kind of quantum-mechanical tunnelling effect.
Unfortunately It is possible to include this "subtraction term" in the integralat least formally -but in view of its group-theoretical significance it is natural to make it explicit. In fact, it turns out that this is convenient in the dynamical context as well, as will be seen later.
5)
In the subspace where the operator (IV. 
6)
The relations between the Mandelstam variables s , t , u and our non-relativistic quantities k, q in the case of equal mass 2 2 2 2 scattering, is as follows: s -4m -;> k + 4q , u-» -4q , 2 -t-> -k , with m = 2m .
-20-
